Abstract. In this paper, we give two upper bounds for the extended energy of a graph one in terms of ordinary energy, maximum degree and minimum degree of a graph, and another bound in terms of forgotten index, inverse degree sum, order of a graph and minimum degree of a graph which improves an upper bound of Das et al. from [On spectral radius and energy of extended adjacency matrix of graphs, Appl. Math. Comput. 296 (2017), 116-123]. We present a pair of extended equienergetic graphs on n vertices for n ≡ 0(mod 8) starting with a pair of extended equienergetic non regular graphs on 8 vertices and also we construct a pair of extended equienergetic graphs on n vertices for all n ≥ 9 starting with a pair of equienergetic regular graphs on 9 vertices.
INTRODUCTION
All graphs considered in this paper are simple and finite. Let G be a graph with vertex set V (G) = {v 1 , v 2 , . . . , v n } and edge set E(G). Two vertices v i and v j in V (G) are said to be adjacent in G if v i v j ∈ E(G). The degree of a vertex v i in G is the number of vertices that are adjacent with v i and we denote it by d i . Also, we denote by ∆ and δ, the maximum degree and the minimum degree of G, respectively. The adjacency matrix of G, denoted by A(G), is the n × n matrix [a ij ], where a ij is 1 if the vertices v i and v j are adjacent in G, 0 otherwise. Since A(G) is a real symmetric matrix, all its eigenvalues are real. The spectrum of G is the collection of all eigenvalues of A(G). Throughout the paper, we denote the eigenvalues of A(G) by λ i (G), i = 1, 2, . . . , n, where λ 1 (G) ≥ λ 2 (G) ≥ . . . ≥ λ n (G). Studies on graph spectrum can be found in [4, 5] . The energy ε(G) of a graph G is defined as
In 1978, Gutman [10] introduced the concept of graph energy. In recent years, the concept of graph energy has been extensively studied by many researchers. Results on graph energy can be found in a book [12] by Li et al. and references cited therein. Two graphs of same order are said to be equienergetic if their energies are same. In [11] , Indulal and Vijayakumar have constructed a pair of equienergetic graphs on n vertices for n = 6, 14, 18 and for all n ≥ 20. Later, Jianping Liu, Bolian Liu [14] and Ramane, Walikar [17] have independently proved that there exists a pair of equienergetic graphs on n vertices for all n ≥ 9. Studies on equienergetic graphs can be found in [1-3, 9, 13, 18, 19] and references therein.
In [20] , Yang et al. introduced a new matrix called the extended adjacency matrix, denoted by A ex (G) and is defined as the n × n matrix whose (i, j)-entry is equal to
its eigenvalues are real. We denote the eigenvalues of
. The extended energy ε ex (G) of a graph G (cf. [6, 20] ) is defined as
In analogous to equieneregtic graphs, two graphs are said to be extended equienergetic graphs if their extended graph energies are same. The forgotten topological index F (G) [8] and the inverse degree sum r(G) [16] of a graph G are two degree based topological indices. These are defined as
In [6] , Das et al. presented various upper and lower bounds for η 1 (G) and ε ex (G). Motivated by this, in this paper, we give two upper bounds for the extended energy of graphs one in terms of ε(G), ∆ and δ, and another in terms of F (G), r(G), n and δ. We present a pair of extended equienergetic graphs on n vertices for n ≡ 0(mod 8) starting with a pair of extended equienergetic non regular graphs on 8 vertices and also we construct a pair of extended equienergetic graphs on n vertices for all n ≥ 9 starting with a pair of equienergetic regular graphs on 9 vertices. 
UPPER BOUNDS FOR THE EXTENDED ENERGY
In this section, we give two upper bounds for the extended energy of a graph. Let M be a m × n matrix. We denote the singular values of M by s i (M ),
It is worth to note that the sum of all singular values of A(G)(respectively, A ex (G)) is the energy (respectively, extended energy) of G. We need the following lemmas (see [15] ) to prove our main results.
Lemma 2.1. If A and B are n × n complex matrices. Then
In the following theorem, we give an upper for the extended energy of a graph in terms of ordinary energy.
Theorem 2.3. Let G be a graph of order n. Then
From the definition of extended adjacency matrix of a graph, it is easy to see that
Applying Lemmas 2.1 and 2.2 in (2.1), we obtain
, from the above inequality, it follows that
The following theorem gives an upper bound for ε ex (G) in terms of F (G), r(G), δ and n. 
with equality holding if and only if
Now from Cauchy-Schwarz inequality and (2.3), we have 
, it follows that our upper bound in (2.2) is sharper than (2.4).
SOME FAMILIES OF EXTENDED EQUIENERGETIC GRAPHS
In this section, we describe some methods to construct extended equienergetic graphs on n vertices. We start with the following definitions (cf. [11] ). 
and
Thus the spectrum of A ex (Du(G)) and
Let G and H be graphs with vertex sets V (G) = {u 1 , u 2 , . . . , u n } and V (H) = In the following theorem, we construct some extended equienergetic graphs starting with a pair of extended equienergetic non regular graphs on 8 vertices.
Theorem 3.4. There exists a pair of extended equienergetic graphs on n vertices for all n ≡ 0(mod 8).
Proof. Observe that, if G is a regular graph on n vertices and H is an arbitrary graph on m vertices, then the extended adjacency matrix of We denote by J n1×n2 and J n1×n2 , the n 1 × n 2 matrix having all its entries as 1 and the matrix obtained from J n1×n2 by replacing each entry by 0 except the first diagonal entry, respectively. 
are θ ij for i = 1, 2, j = 2, 3, . . . , n i and the two roots of the quadratic equation
Proof. Since M i is a normal matrix having all its row sums equal to r i , we have
, where U i is a unitary matirx having its first column vector as (1, 1, . . . , 1) T / √ n i and D i is a diagonal matrix with r i , θ i2 , θ i3 , . . . , θ ini as its diagonal entries. So
Thus M and
are similar matrices, and hence have the same spectrum. Expanding |xI − B| by Laplace's method [7] along i-th column i = 2, 3, . . . , n 1 , n 1 + 2, . . . , n 2 , we see that
This completes the proof. In the following theorem, we give the extended spectrum of G ∨ H when both G and H are regular graphs. Proof. Since G i is a r i regular graph on n i vertices, we have
Letting a = b = in Lemma 3.5 we arrive at the result.
Theorem 3.8. There exists a pair of extended equienergetic graphs on n vertices for all n ≥ 9.
Proof. Let H 1 and H 2 be graphs as shown in Figure 2 .
Fig. 2. Graphs H1 and H2
It can be seen that the line graphs L(H 1 ) and L(H 2 ) are equienergetic 4-regular graphs [17] 
